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Abstract— Web data such as documents, images, and 

videos are examples of large matrices. To deal with such 

matrices, one may use matrix decomposition techniques. As 

such, CUR matrix decomposition is an important 

approximation technique for high-dimensional data. It 

approximates a data matrix by selecting a few of its rows and 

columns. However, a problem faced by most CUR 

decomposition matrix methods is that they ignore the 

correlation among columns (rows), which gives them lesser 

chance to be selected; even though, they might be appropriate 

candidates for basis vectors. In this paper, a novel CUR 

matrix decomposition method is proposed, in which 

calculation of the correlation, boosts the chance of selecting 

such columns (rows). Experimental results indicate that in 

comparison with other methods, this one has had higher 

accuracy in matrix approximation. 

Keywords—CUR Matrix Decomposition, High-dimensional 

Data, Low-rank Approximations, Singular Value 

Decomposition 

I. INTRODUCTION  

High-dimensional data bring significant challenges in 
analyzing data. To this point, understanding and analyzing 
these data has more importance. In most cases, the goal of 
matrix decomposition methods for data representation is to 
facilitate data analysis. Among these methods, a 
conventional method is singular value decomposition 
(SVD) that find optimum low-rank approximation of a data. 

SVD is a conventional matrix decomposition method, 
but it should be considered that this method does not give a 
good insight into the data. In other words, the final result of 
this method is not interpretable because the columns and 
rows obtained from the matrix decomposition are not 
selected from the original data. One of the significant 
disadvantages of SVD is that if the data is sparse, this 
sparsity will not be preserved. As an example, Drineas et al. 
[1], and Mahoney and Drineas [2] have shown that the 

vector [(1/ 2) age (1/ 2) height (1/ 2) income]  is the 

combination of uncorrelated features that does not produce 
interpretable information. Kuruvilla et al. [3] have also 
declared that the main goal of matrix decomposition is to 
find basis vectors that are not artificial and give us an insight 
into the data. 

Some existing CUR algorithms have a high 
computational cost. For example, the computational cost of 

the subspace sampling algorithm is at least the same as that 
of the SVD matrix decomposition. Given the high 
dimensional data, we must consider that we have a memory 
limit, and storing a large scale matrix in RAM is mostly 
impossible. 

Web data such as documents, images, and videos are 
examples of large matrices. The first step in working with 
these data is representing them in a compressed format to 
make it easier to analyze. The most common method of 
matrix factorization is singular value decomposition (SVD). 
The singular value decomposition of matrix A is represented 

by the product of three matrices U, D, and T
A = UDV   

T
A = UDV where the columns of U and V are orthonormal, 

and the matrix D is diagonal, whose diagonal elements are 
the singular values of A. The rest of this paper is organized 
as follows. Section II describes the related work briefly, and 
Section III introduces our new correlation-based CUR 
matrix decomposition method. Section IV describes the 
experimental setup, followed by presenting experimental 
results. Finally, Section V concludes this paper. 

II. RELATED WORK 

The matrix decomposition algorithm should satisfy the 
following properties. It should be optimized and 
interpretable. Another important property is that it should 
have good performance in practice. To achieving the 
aforementioned properties, CUR matrix decomposition is 
proposed and has been widely discussed in the literature 
[4-11]. Suppose A is a matrix with dimension m n . In 
CUR decomposition, matrix A is represented by the product 
of three matrices, C, U, and R, where C is a matrix that its 
columns are selected from actual columns of A, R consists 
of a number of actual rows of A, and U is a small matrix that 
guarantees that the product CUR is close to A. The columns 
and rows which are selected from A are the concepts that 
are used in decomposition. 

Deshpande et al. [12] proposed the relative-error 
adaptive sampling method in 2006. In this algorithm, first, 
a number of columns are selected from A by a matrix 

decomposition algorithm to form 1,C and then according to 

the residual †
1 1 ,A - C C A a number of columns randomly 

sampled to form 2C columns. Boutsides et al. [13] proposed 

a column selection algorithm that is near optimal based on 



the relative error that just 12 (1 (1))c k o   number of 

columns are selected. They proved that no column selection 
algorithm could achieve a better result by selecting less than

1c k   columns. In 2012 Guruswemi and Sinop [14]  

proposed another optimal algorithm that achieved the lower 
bound but had a worse time complexity in comparison with  
near-optimal algorithm. 

      The near-optimal algorithm includes following steps:  

1) The approximate SVD with random projection 
[13, 15]  

2) The dual set sparsification [13]  

3) The adaptive sampling [12] 

This algorithm has described in Algorithm 1. In 2013 a 
more efficient algorithm was proposed by Wang [16] for 
adaptive sampling. This algorithm is described in  
Algorithm 2. 

III. PROPOSED METHOD 
 

There have been numerous versions of CUR matrix 
decomposition. One of the most important problems, faced 
by majority of CUR matrix decomposition methods, is that 
when they select the columns in order to generate matrix C, 
they do not consider the correlation between these selected 
columns. We know that the purpose of CUR is to represent 
the data in more compact representation, in which the 
columns of matrix C and the rows of matrix R are basis 
vectors for generation of a data matrix. The lower the 
 

Algorithm 1: The Near-Optimal Column Selection Algorithm of [13] 

Input: matrix A, target rank k, error parameter [0,1],  target column 

number 
2

(1 (1))
k

c o


   

Compute approximate SVD via random projection: 

k k k k kA U Σ V V  

Construct columns of k k k A U Σ V and columns of T
k V  

Compute Dual Set Spectral-Frobenius Sparsification Algorithm 

2
( , , )

k
c s


   

Construct 1diag( ) ,s A C then delete the all-zero columns 

Construct residual matrix 
†

1 1A C C A  

Compute sampling probabilities 
2 2

2
/i i F

p d D  

Sampling 2

2k
c


 columns from A with probability ip to construct 

2C  

Return 1 2     C C C  

 
 

Algorithm 2: Adaptive Sampling for CUR [16] 

Input: matrix A, target rank k, error parameter [0,1],  target row 

number (1 ),
c

r 


  target column number 
2

(1 (1))
k

c o


   

Select 
2

(1 (1))
k

c o


  columns of A to construct C using Algorithm 1 

Select 1r c rows of A to construct 1R using Algorithm 1 

Sample 2r rows adaptively from A according to the residual

†

1 1A AR R  

Return C, 1 2[ , ] ,
T T T

R R R and 
† †U C AR  

correlation among these basis vectors, the better the 
representation that we could have, since selecting two 
columns with high correlation means selection of same basis 
vectors. 

In the proposed method, we try to have basis vectors 
selected in a way that they will have the lowest correlation. 
When selecting a column in this method, we firstly assign a 
probability, proportionate to the sum of squared elements in 
a column, to each column. The columns are sorted in a 
descending order, based on the probability of their selection 
and the most probable column will be selected. A parameter, 
called , will be considered as the criterion for comparing 

the columns' correlation. The second most probable column 
will be selected only if its correlation with the first selected 
column is lower than .  This process continues for the third 

and the rest of the columns and the correlation of each 
candidate column with the previous selected columns is 
computed. In case the correlation of the candidate column 
with all previous selected columns is less than , the 

candidate column will be selected. 

In this process three cases might happen. The first case 
involves the time when the number of selected columns is 
greater than the number of input columns. In this case, the 
columns, selected earlier, will be considered as the final 
columns of matrix C, thanks to their higher probability. The 
second case takes place when the number of selected 
columns is lower than the number of input columns, in 
which case, the rest of columns will be selected randomly, 
proportionate to the probability assigned to them. The third 
case, which is also the most ideal one, is when the number 
of selected columns is equal with that of the input ones. The 
column selection procedure and the proposed method have 
described in Algorithm 3 and Algorithm 4 respectively. In 
Algorithm 3, A is a matrix which we want to decompose, 
 is the correlation threshold, c is the number of columns 

which are selected from matrix A, and C is the output 
matrix. 

Algorithm 3: Column_Selection Procedure 

Input: matrix 
m n

A , parameter , target column number c,  

Output: matrix 
m c

C  

Calculate probability of selecting each column based on the sum of 

squared elements 

Choose a column with the highest probability 

nColSelected = 1 

for counter = 1 to n 

    Select the candidate column with the highest probability 

   if correlation of candidate column with all columns in matrix C is       

smaller than   

        Add the candidate column to C 

        nColSelected = nColSelected + 1 

        if  nColSelected = c 

             break 

        end if 

    end if 

end for 

if  nColSelected < c 

Choose the rest of columns randomly proportionated to the 

probability assigned to them 

end if 

 



Algorithm 4: Correlation-Based CUR Matrix Decomposition 

Input: matrix 
m n

A , parameter ,  target column number c, 

Output: A CUR  

Column_Selection( , , )cC A

Column_Selection( , , )
T T

cR A  

† †U C AR  

IV. EXPERIMENTAL RESULTS 

In this section we empirically compare the proposed 
method (Algorithm 4) with the adaptive near-optimal 
column selection algorithm [13, 16], the adaptive 
deterministic sparse column-row approximation (SCRA) 
[6, 16], and uniform sampling algorithm [17]. The 
performance of the proposed method is analyzed by three 
high-dimensional datasets. Experiments have been 
conducted on Wine, Dexter, and ORL datasets which are 
summarized in Table I. Each dataset is represented as a data 
matrix, upon which we apply the CUR algorithms. For the 
Wine dataset we generate (RBF) kernel matrix A, which is 
defined by: 

2

2

2
exp( )

2

i j

ij

x x
a




   (1) 

where ix and jx are data instances and  is a scale 

parameter. We set 0.2  and 2  in our experiments. 

The experimental setup is summarized in Table II. In order 
to compare the results between the presented method and 
the previous methods, four error assessment criteria have 
been used. The first one is Frobenius Norm Error, whose 

equation is / ,kF F
 A CUR A A in which kA  

denotes the best rank-k approximation. Tables III, IV, V, 

and VI give the rates of this error for three datasets. / /  

in the last row of tables means that proposed method wins 
in “+” experiments, loses in “−” experiments, and ties in “=” 
experiments. Another used assessment criterion is Spectral 

Norm Error, which is defined by 
2 2

/ .k A CUR A A  

Tables VII, VIII, IX, and X show the results from this 
criterion for each of three datasets. Third assessment 
criterion is rank-k Frobenius Norm, which is defined by 

/ .k kF F
 A CUR A A  Figs. 1-4 show the results 

from this criterion for each of three datasets. The last 
assessment criterion is rank-k Spectral Norm, which is 

defined by 
2 2

/ .k k A CUR A A Figs. 5-8 show the 

results from this criterion. According to the results, we can 
see that our proposed method, in comparison with other 
methods, has had higher accuracy in matrix approximation. 

TABLE I.  SUMMARY OF DATASETS  

Dataset Size #Nonzero Entries 

Dexter 20000×20000 192416 

Wine 4898×12 58857 

ORL 400×4096 1638399 

TABLE II.  EXPERIMENTAL SETUP PARAMETERES  

Parameter Value 

  0.2, 2 

  0.7 

#Rows, #Cols 20, 40, 60, 80, 100, 120, 140 

TABLE III.  FROBENIUS NORM ERROR FOR ORL 

Uniform 

Sampling 
Deterministic 

Near 

Optimal 

Proposed 

Method 

#Rows, 

#Columns 

3.20E04 6.09E04 3.47E04 3.30E04 20 
2.76E04 5.49E04 2.93E04 2.71E04 40 

2.47E04 4.85E04 2.56E04 2.46E04 60 

2.23E04 4.44E04 2.31E04 2.22E04 80 

2.00E04 4.15E04 2.12E04 2.06E04 100 

1.85E04 3.75E04 2.00E04 1.90E04 120 

1.74E04 3.26E04 1.77E04 1.83E04 140 

3/4/0 7/0/0 6/1/0 - / /    

TABLE IV.  FROBENIUS NORM ERROR FOR WINE WITH 2   

Uniform 

Sampling 
Deterministic 

Near 

Optimal 

Proposed 

Method 

#Rows, 

#Columns 

266.89 231.54 231.21 199.97 20 

209.70 175.72 187.27 165.45 40 

180.99 152.12 159.98 142.16 60 
160.23 133.60 142.30 126.39 80 

144.66 123.00 130.21 116.71 100 

133.45 113.73 120.29 107.88 120 
123.75 231.54 231.21 102.15 140 

7/0/0 7/0/0 7/0/0 - / /    

TABLE V.  FROBENIUS NORM ERROR FOR WINE WITH 0.2   

Uniform 

Sampling 
Deterministic 

Near 

Optimal 

Proposed 

Method 

#Rows, 

#Columns 

86.17 82.51 85.80 82.47 20 

86.17 82.16 84.79 80.50 40 
86.11 81.91 83.86 79.30 60 

86.12 81.58 83.14 78.16 80 

86.08 81.42 82.87 77.00 100 
86.14 81.24 82.60 76.32 120 

85.95 80.93 82.28 75.78 140 

7/0/0 7/0/0 7/0/0 - / /    

TABLE VI.  FROBENIUS NORM ERROR FOR DEXTER 

Uniform 

Sampling 
Deterministic 

Near 

Optimal 

Proposed 

Method 

#Rows, 

#Columns 

5.79E04 5.64E04 5.61E04 5.50E04 20 

5.74E04 5.52E04 5.47E04 5.42E04 40 

5.72E04 5.44E04 5.33E04 5.37E04 60 

5.70E04 5.40E04 5.24E04 5.32E04 80 
5.68E04 5.29E04 5.20E04 5.29E04 100 

5.66E04 5.26E04 5.17E04 5.25E04 120 

5.64E04 5.24E04 5.15E04 5.22E04 140 

7/0/0 6/0/1 2/5/0 - / /    

TABLE VII.  SPECTRAL NORM ERROR FOR ORL 

Uniform 

Sampling 
Deterministic 

Near 

Optimal 

Proposed 

Method 

#Rows, 

#Columns 

8.27E03 4.67E04 1.23E04 1.05E04 20 

7.16E03 4.29E04 7.93E03 5.47E03 40 

4.76E03 3.60E04 5.07E03 4.87E03 60 
4.46E03 3.16E04 5.89E03 4.36E03 80 

3.24E03 2.93E04 4.10E03 3.57E03 100 

3.45E03 2.50E04 3.46E03 2.99E03 120 
3.42E03 1.90E04 3.15E03 2.97E03 140 

4/3/0 7/0/0 7/0/0 - / /    

TABLE VIII.  SPECTRAL NORM ERROR FOR WINE WITH 2   

Uniform 

Sampling 
Deterministic 

Near 

Optimal 

Proposed 

Method 

#Rows, 

#Columns 

93.67 73.50 68.73 60.69 20 

56.89 41.87 44.63 44.17 40 
43.39 32.14 33.12 31.97 60 

33.17 27.25 27.42 25.12 80 

29.23 24.88 22.07 23.73 100 
26.48 20.94 19.24 21.22 120 

21.21 20.11 16.97 20.80 140 

7/0/0 4/3/0 4/3/0 - / /    



TABLE IX.  SPECTRAL NORM ERROR FOR WINE WITH 0.2   

Uniform 

Sampling 
Deterministic 

Near 

Optimal 

Proposed 

Method 

#Rows, 

#Columns 

8.00 4.00 8.00 4.00 20 
8.00 4.00 8.00 3.97 40 

8.00 4.00 7.50 3.00 60 

8.00 4.00 7.10 3.00 80 
8.00 4.00 5.95 2.99 100 

8.00 4.00 6.91 2.19 120 

8.00 4.00 5.42 2.00 140 

7/0/0 6/0/1 7/0/0 - / /    

TABLE X.  SPECTRAL NORM ERROR FOR DEXTER 

Uniform 

Sampling 
Deterministic 

Near 

Optimal 

Proposed 

Method 

#Rows, 

#Columns 

2.09E04 1.70E04 1.61E04 1.30E04 20 

2.05E04 1.36E04 8.22E03 1.13E04 40 
1.88E04 1.13E04 6.58E03 1.04E04 60 

1.90E04 1.04E04 5.79E03 1.01E04 80 

1.85E04 6.45E03 5.19E03 9.94E03 100 
1.81E04 6.30E03 4.75E03 9.82E03 120 

2.09E04 1.70E04 1.61E04 1.30E04 140 

7/0/0 5/2/0 2/5/0 - / /    

 

 

Fig. 1. Rank-k Frobenius Norm Error for ORL 

 

Fig. 2. Rank-k Frobenius Norm Error for Wine with 2   

 

 

 

 

Fig. 3. Rank-k Frobenius Norm Error for Wine with 0.2   

 

Fig. 4. Rank-k Frobenius Norm Error for Dexter 

 

Fig. 5. Rank-k Spectral Norm Error for ORL 

 

 

 

 

 

 

 

 

 



 
Fig. 6. Rank-k Spectral Norm Error for Wine with 2   

 

Fig. 7. Rank-k Spectral Norm Error for Wine with 0.2   

 

Fig. 8. Rank-k Spectral Norm Error for Dexter 

The only parameter in the proposed method is .  If this 

parameter is close to 1, the influence of correlation on 
selecting the columns will be reduced and probability factor 
plays a more effective role in the selection of columns. If it 
is close to 0, correlation will be the most essential factor of 
column selection. Based on what was aforementioned, this 
parameter should be chosen in a way that columns with high 
correlation will not be selected and as much as it is possible, 
columns which assigned higher probability will have a 
higher chance of being selected. We set 0.7 for this 
parameter in our experiments. 

V. CONCLUSION 

In this paper a novel CUR Matrix decomposition 
method is proposed, which by considering the correlation 
among the columns (rows), gives columns (or rows) with 
lower sum of squared elements a chance of being selected. 
This leads to the selection of more suitable basis vectors, 
improving the approximation accuracy. An advantage of the 
proposed method is its fewer parameters (only one 
parameter), making it possible to use the algorithm in 
different problems with lowest changes. Another advantage 
is its simple implementation. Evaluation of the proposed 
method on three datasets of Wine, ORL, and Dexter shows 
that in comparison to other methods, this one has had higher 
accuracy in matrix approximation. 
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