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Abstract

Financial time series prediction has attracted considerable interest from scholars, and sev-

eral approaches have been developed. Among them, decomposition-based methods have

achieved promising results. Most decomposition-based methods approximate a single func-

tion, which is insufficient for obtaining accurate results. Moreover, most existing research

has concentrated on one-step-ahead forecasting that prevents market investors from making

the best decisions for the future. This study proposes two novel multi-step-ahead stock price

prediction methods based on different decomposition techniques, including discrete cosine

transform (DCT), i.e., a linear transform, and variational mode decomposition (VMD), i.e.,

a non-linear transform. DCT-MFRFNN, a method based on DCT and multi-functional re-

current fuzzy neural network (MFRFNN), uses DCT to reduce fluctuations in the time series

and simplify its structure and MFRFNN to predict the stock price. VMD-MFRFNN, an

approach based on VMD and MFRFNN, brings together their advantages. VMD-MFRFNN

consists of two phases. The input signal is decomposed to several intrinsic mode functions

(IMFs) using VMD in the decomposition phase. In the prediction phase, each IMF is given

to a separate MFRFNN for prediction, and predicted signals are summed to reconstruct the

output. DCT-MFRFNN and VMD-MFRFNN use the particle swarm optimization (PSO) al-

gorithm to train MFRFNN. In this research, for the first time, the gradient descent method

is used to train MFRFNN. Three financial time series are used to evaluate the proposed

methods. Experimental results indicate that VMD-MFRFNN surpasses other state-of-the-

art methods. VMD-MFRFNN, on average, shows a decrease of 31.8% in RMSE compared to

the MEMD-LSTM method. Also, DCT-MFRFNN outperforms MFRFNN and DCT-LSTM
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in all experiments, which reveals the favorable effect of DCT on MFRFNN’s performance.

To assess the effectiveness of PSO in training VMD-MFRFNN, we compared its performance

with twelve different metaheuristic approaches. PSO, on average, shows a decrease of 9.4%

in MAPE compared to other metaheuristic methods.

Keywords: Particle swarm optimization, recurrent fuzzy neural network, stock price

prediction, time series prediction, variational mode decomposition.

1. Introduction

Economic globalization, as one of the three main dimensions of globalization, cause

the stock market to be highly fluctuated, polymorphic, and complex. Stock price index

prediction is challenging due to the influence of several factors, including economic indicators,

political situations, and other related aspects [1]. Moreover, stock price forecasting is vital5

for investors and financial analysts to build investment strategies and get steady returns

[2, 3]. Hence, extensive studies [4–6] have been done on improving financial time series

prediction approaches as an active research topic. A stock price time series is a series

of successive observations collected from the stock market over time. The prediction of

these time series can be made in one-step or multi-step ahead forecasting. Obviously, a10

long-term prediction (i.e., multi-step ahead) is more beneficial for stock market investors to

arrive at the best decisions and plans for the future. Nevertheless, most existing stock price

prediction researches [7–10] only address one-step ahead forecasting. Therefore, there is a

need to investigate multi-step ahead prediction of stock prices [3].

Another issue that requires attention is that financial time series are usually dynamic,15

non-linear, extremely fluctuated, and complex, which makes their prediction challenging

[10–12]. To address this issue, decomposition-based methods have been proposed. The

main idea behind decomposition-based methods is to decompose complex time series into a

number of components with a simpler structure, i.e., reducing time series complexity. Since
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these components have simpler structures and more stationary trends, their prediction is20

easier, and the expected accuracy is higher [13].

Discrete cosine transform (DCT) is a linear orthogonal transformation that transforms

a signal from the spatial domain to the frequency domain. The DCT decomposes a signal

into a set of cosine functions with different frequencies. Although many researchers have

used DCT for time series prediction, it introduces some distortion to the signal and is not25

a universal transform. Therefore, other decomposition methods, such as empirical mode

decomposition (EMD) and variational mode decomposition (VMD), were proposed.

EMD, an adaptive and data-driven decomposition method, was proposed by Huang et

al. [14] in 1998. EMD decomposes a time series into some intrinsic mode functions (IMFs)

and a monotonic residual signal in an iterative process [15]. So, it can simply isolate highly30

fluctuating data into lower frequency components [10]. Although many researchers used

EMD for financial time series prediction, it has many inherent problems such as mode

mixing, lack of mathematical foundations, sensitivity to noise and sampling, and choice of

the interpolation method [8, 16–18]. To address these shortcomings, VMD [16] was proposed

by Dragomiretskiy and Zosso in 2014. VMD is a completely non-recursive decomposition35

method based on a solid mathematical framework. It decomposes a time series into several

eigenmode components with a specific bandwidth in the spectral domain by solving a convex

optimization problem. These band-limited components reconstruct the input time series

exactly or in the least squares sense. In other words, VMD is capable of separating tones of

similar frequencies and avoiding the mode mixing problem [2, 11, 16].40

Although in recent years, many researchers have developed decomposition-based methods

using VMD instead of EMD, as far as the authors’ knowledge goes, all of them approximate

a single function, i.e., produce a specific output determined by the current and previous

inputs. As described in [19], in challenging nonlinear problems, different outputs might be

produced for a certain input depending on the state of the system. Therefore, to obtain45

accurate results in financial time series prediction, a method is needed that can identify the

system’s states and approximate a specific function for each of them, i.e., it should be able

to simultaneously learn multiple functions. Multi-functional recurrent fuzzy neural network

3
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(MFRFNN) [19] proposed by Nasiri and Ebadzadeh in 2022 can learn multiple functions

simultaneously. In light of the issues outlined, two novel methods for financial time series50

prediction have been proposed in this study: DCT-MFRFNN and VMD-MFRFNN.

DCT-MFRFNN is based on discrete cosine transform (DCT) and MFRFNN. It applies

DCT to the time series and computes DCT coefficients. A sequence of high-frequency DCT

coefficients is dropped to eliminate high frequencies, reduce fluctuations in the time series,

and simplify its structure. Then the time series is reconstructed using only the remaining55

coefficients. Finally, the reconstructed signal is given to the MFRFNN model for prediction.

VMD-MFRFNN is an approach based on VMD and MFRFNN and brings together their

advantages. It consists of two phases: a) decomposition phase and b) prediction and recon-

struction phase. The input time series is decomposed to several IMFs using VMD in the

decomposition phase. In the prediction and reconstruction phase, first, each IMF is given60

to a separate MFRFNN model for prediction. Then the predicted signals, i.e., the output

of each MFRFNN, are summed to reconstruct the final output. The following are the main

contributions of this research:

1. DCT-MFRFNN and VMD-MFRFNN, two novel financial time series prediction

methods, are proposed. DCT-MFRFNN first applies DCT to the input signal and65

drops a sequence of high-frequency DCT coefficients. Then the input time series is

reconstructed using the remaining coefficients. Finally, the MFRFNN model uses the

reconstructed signal for prediction. VMD-MFRFNN first decomposes the input signal

into several IMFs and then predicts each by a separate MFRFNN model. Finally, the

outputs of MFRFNNs are summed to generate the final prediction.70

2. Developing new training algorithms for DCT-MFRFNN and VMD-MFRFNN.

3. For the very first time, the gradient descent method is used to train MFRFNN.

4. The prediction performance of DCT-MFRFNN and VMD-MFRFNN is evaluated using

three financial time series, including Hang Seng Index (HSI), Shanghai Stock Exchange

(SSE), and Standard & Poor’s 500 Index (SPX). The experimental results indicate75

that VMD-MFRFNN shows promising performance in multi-step-ahead prediction
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compared with other existing methods. VMD-MFRFNN, on average, shows 35.93%,

24.88%, and 34.59% decreases in RMSE from the second-best model for HSI, SSE, and

SPX, respectively. Also, DCT-MFRFNN outperforms DCT-LSTM and MFRFNN in

all experiments.80

5. The effectiveness of particle swarm optimization (PSO) in training VMD-MFRFNN is

assessed by comparing its performance with twelve different metaheuristic algorithms.

The results demonstrate the merits of PSO in training VMD-MFRFNN.

The remainder of the paper is organized as follows: Section 2 outlines an overview

of the related works. In Section 3, DCT, VMD, and MFRFNN are briefly introduced,85

with Section 4 presenting the DCT-MFRFNN and VMD-MFRFNN. Section 5 evaluates

the effectiveness of the proposed methods and provides results and discussion. Finally, this

study is concluded with a summary in Section 6.

2. Literature Review

This section outlines an overview of the literature that relates to this study. As a vital90

problem for investors and financial analysts, financial time series prediction has been ex-

tensively studied in recent years [2, 3, 8–11, 13, 19–23]. Several researchers have developed

decomposition-based methods using empirical mode decomposition (EMD) for time series

forecasting. Zhou et al. [20] proposed EMD2FNN, a hybrid method composed of EMD and

factorization machine-based neural networks (FMNN) for predicting stock market trends.95

EMD2FNN brings together the benefits of EMD and FMNN. Yang et al. [21] developed

a hybrid method for time series prediction based on recursive EMD and long short-term

memory (LSTM). They proposed a novel recursive EMD to solve the mode mixing prob-

lem of EMD and used LSTM to predict the IMFs. More recent work by Deng et al. [3]

introduced a hybrid modeling framework based on multivariate EMD (MEMD) and LSTM100

for stock price index forecasting. In this framework, first, MEMD was used to decompose

relevant features of the time series. Then, the extracted features were used to train LSTM

for the multi-step-ahead prediction task. Moreover, the orthogonal array tuning approach
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was employed to tune the LSTM’s hyperparameters. Deng et al. evaluated their proposed

method on three real-world financial time series and obtained promising results.105

Based on previous studies [8, 17, 18], EMD has many inherent problems. To overcome

these issues, ensemble empirical mode decomposition (EEMD) [24] was proposed by Wu

and Huang in 2009. EEMD is a self-adaptive decomposition method that eliminates the

mode mixing problem of EMD by adding white noise [13, 22]. Rezaei et al. [10] developed

CEEMD-CNN-LSTM, a hybrid method using complete EEMD (CEEMD), convolutional110

neural network, and LSTM. Their proposed method can extract deep features and time

sequences. Although CEEMD-CNN-LSTM achieved encouraging results in the one-step-

ahead stock price prediction, it has not been evaluated in multi-step-ahead prediction tasks.

In 2021, Lin et al. [9] proposed a hybrid approach combining CEEMD with adaptive noise

(CEEMDAN) and LSTM. They assessed their proposed method on SPX and Chinese Se-115

curities 300 Index time series. Despite overcoming the problems associated with EMD,

EEMD suffers from incompleteness, reconstruction error, high computational complexity,

and predicament of parameters selection [9, 25].

Variational mode decomposition (VMD) [16] was developed in 2014 to address EMD’s

shortcomings. Due to its merits, it has gained increasing popularity in recent years, and there120

have been several attempts to develop decomposition-based methods using VMD. Lahmiri

[26] introduced a novel prediction model by integrating VMD and general regression neural

network. VMD-LSTM [27], a hybrid technique based on VMD and LSTM, was developed by

Niu et al. In another paper, Tang et al. [22] proposed a novel hybrid approach by combining

VMD, EEMD, and extreme learning machine (ELM). Their proposed method first applies125

VMD to the time series and then applies EEMD to the residual signal obtained by VMD.

They used ELM to predict the stock price index and differential evolution to optimize its

weights. Same as [27], Yujun et al. [11] developed a prediction model based on VMD and

LSTM for stock price prediction. A more recent paper by Wang et al. [28] proposed a

novel hybrid method based on secondary decomposition (SD), multi-factor analysis, and130

attention-based LSTM. In this method, SD uses improved VMD and improved CEEMDAN

to filter the noise effectively and capture additional nonlinear features. Attention layer was

6
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added to LSTM to increase the weights of important data instances and improve LSTM’s

performance.

VML [2] was developed by Liu et al. in 2022. VML integrates meta-learning and VMD. It135

uses VMD to decompose time series and applies model-agnostic meta-learning and LSTM to

predict each component. Liu et al. used the Shanghai Stock Exchange index and Dow Jones

Industrial Average to evaluate the VML. Wan et al. [29] developed a hybrid model combining

the gated recurrent unit (GRU) with an autoregressive integrated moving average (ARIMA)

model. The proposed model uses VMD to decompose the original time series. It employs140

GRU to predict the future values of each IMF. Furthermore, the proposed approach utilizes

a combination of VMD and ARIMA to correct the error subseries. Guo et al. [8] introduced

a hybrid method based on VMD, autoregressive integrated moving average (ARIMA), and

Taylor expansion forecasting (TEF). They used VMD to decompose time series, ARIMA to

forecast the linear component of each IMF, and TEF to predict the nonlinear component.145

Zhang and Chen [30] proposed a two-stage forecasting model that uses VMD to decompose

time series and three separate methods, i.e., support vector regression, ELM, and deep

neural network, to forecast decomposed signal. They used an ELM-based nonlinear ensemble

approach to combine initial stock price forecasts in the second stage of the algorithm.

Recent years have seen many researchers shifting towards decomposition-based methods150

employing VMD rather than EMD. However, to the best of the authors’ knowledge, these

methods are all designed to approximate a single function, meaning they generate a spe-

cific output based on current and past observations. Nevertheless, in complex nonlinear

problems, the same input could lead to different outputs depending on the system’s state.

Consequently, to achieve precise predictions for financial time series, there is a need for a155

method that can recognize the states of the system and approximate a unique function for

each. Considering these concerns, this study develops two forecasting methods for financial

time series: DCT-MFRFNN and VMD-MFRFNN.

7
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3. Preliminaries

This section gives a concise overview of discrete cosine transform (DCT), varia-160

tional mode decomposition (VMD), and multi-functional recurrent fuzzy neural network

(MFRFNN) methods to provide further insight into the proposed method.

3.1. Discrete Cosine Transform

DCT is a time-frequency linear orthogonal transformation that decreases redundant cal-

culations in the discrete Fourier transform [31]. It represents a finite sequence of samples165

as a sum of cosine functions with different frequencies. The DCT coefficients (y(k)) of a

discrete signal (x(n)) can be calculated as follows [32]:

y(k) = α(k)
N−1∑

n=0

x(n) cos

(
π(2n+ 1)k

2N

)
, k = 0, 1, · · · , N − 1 (1)

where N is the signal length, and α(k) denotes the scaling factor that is determined by

Eq. (2):

α(k) =





√
1/N k = 0

√
2/N 1 ≤ k ≤ N − 1

(2)

3.2. Variational Mode Decomposition170

VMD, developed by Dragomiretskiy and Zosso [16], is an adaptive decomposition method

based on a solid mathematical framework [33]. It decomposes a complex signal into K IMFs

with a specific bandwidth in the spectral domain by solving the variational problem [34, 35].

Let f and t denote the input signal and time step, respectively. IMFs (uk(t)) and their

corresponding center frequency (ωk) can be obtained by solving the following constrained175

optimization problem:

minimize
{uk},{ωk}

K∑

k=1

∥∥∥∥∂t
[(

δ(t) +
j

πt

)
∗ uk(t)

]
e−jωkt

∥∥∥∥
2

2

subject to
K∑

k=1

uk = f

(3)

8
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where δ(·) represents the Dirac delta function and ∂t denotes the partial derivative with

respect to t [36, 37].

To ensure signal reconstruction’s accuracy under Gaussian noise, a quadratic penalty

term is added to Eq. (3), and to convert it into an unconstrained optimization problem, a180

Lagrange multiplier is applied as follows [36, 38]:

L ({uk} , {ωk} , λ) = α
K∑

k=1

∥∥∥∥∂t
[(

δ(t) +
j

πt

)
∗ uk(t)

]
e−jωkt

∥∥∥∥
2

2

+

∥∥∥∥∥f(t)−
K∑

k=1

uk(t)

∥∥∥∥∥

2

2

+

〈
λ(t), f(t)−

K∑

k=1

uk(t)

〉 (4)

where λ and α denote the Lagrange multiplier and penalty parameter, respectively. Finally,

by solving Eq. (4) iteratively using the Alternating Direction Method of Multipliers, the

input signal is decomposed into K IMFs [16, 36].

3.3. Multi-Functional Recurrent Fuzzy Neural Network185

MFRFNN, proposed by Nasiri and Ebadzadeh [19] in 2022, is a recurrent fuzzy neural

network for time series forecasting. It comprises two fuzzy neural networks (FNNs). One

of them, i.e., the output network, generates the system’s output, whereas the other, i.e.,

the state network, identifies the state of the system (Fig. 1). MFRFNN uses the least

squares algorithm and particle swarm optimization (PSO) technique to learn the weights of190

output and state networks, respectively. This network can learn and memorize historical

data from previous time series samples and approximate several functions simultaneously

by incorporating the states in its structure [19].

Output NetworkOutput Network

State NetworkState Network

ŷ

x

Output Network

State Network

ŷ

x
1z −

1( )tS

Output Network

State Network

ŷ

x
1z −

1( )tS

Figure 1: Overview of MFRFNN [19].
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4. Proposed Methods

This section presents a detailed description of the proposed methods for financial time195

series prediction.

4.1. DCT-MFRFNN

The proposed DCT-MFRFNN method consists of the following steps: 1) The DCT is

applied to the input time series, and DCT coefficients (c) are computed. 2) λ percent

of high-frequency DCT coefficients are set to zero. 3) The inverse DCT is applied to the200

remaining coefficients, and the input signal is reconstructed. 4) The reconstructed signal

(x̂) is given to the MFRFNN as input for training. 5) The MFRFNN generates the final

prediction (ŷ). Fig. 2 shows the structure of DCT-MFRFNN.

DCT

Input Output

Drop DCT 

Coefficients 

Below λ 

IDCT

Reconstructed Signal

MFRFNN

Figure 2: Structure of DCT-MFRFNN.

In DCT-MFRFNN, a sequence of high-frequency DCT coefficients is dropped to eliminate

high frequencies and reduce fluctuations in the time series. As a result, a time series with a205

simpler structure and more stationary trends is given to MFRFNN for prediction. Intuitively,

since this time series has a simpler structure, its prediction is easier for the model. Note

that DCT tends to concentrate most of the energy of a time series into a few low-frequency

components. This energy compaction property implies that a relatively small number of

DCT coefficients can reasonably represent the time series [39]. Moreover, the DCT can210

transform a time series into its frequency domain representation. Applying the DCT results

in obtaining the spectrum of the time series, which reveals the dominant frequencies present

in the data. This can help the DCT-MFRFNN in forecasting the time series. Also, the DCT

has the property of decorrelating the data, meaning that it transforms the time series into

10
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uncorrelated frequency components. By decorrelating the data, the DCT can potentially215

help capture the underlying patterns more efficiently. Another advantage of using DCT in

DCT-MFRFNN is its noise reduction capability. When time series data contains noise or

high-frequency components that are irrelevant to the underlying patterns, applying the DCT

separates the signal into different frequency components and allows the model to discard or

attenuate the high-frequency components associated with noise. This denoising capability220

can improve prediction accuracy by eliminating irrelevant information. DCT-MFRFNN

training algorithm is shown in Algorithm 1.

Algorithm 1: DCT-MFRFNN training algorithm

Input: Input time series D =
{
x[t], x[t+h]

}p

t=1
, λ

Output: Predicted signal (ŷ)

Apply DCT to x to obtain c ∈ Rp×1

n←
⌊
p× 100−λ

100

⌋
+ 1

for i← n to p do

ci ← 0

end

Apply IDCT to c to obtain x̂

Train MFRFNN using x̂ as input

Predict ŷ using MFRFNN model

4.2. VMD-MFRFNN

VMD-MFRFNN consists of two phases: a) decomposition phase and b) prediction and

reconstruction phase. In the decomposition phase, the input time series is decomposed into225

several IMFs using the VMD method. In the prediction and reconstruction phase, first, each

of IMFs is given to a separate MFRFNN model for training. Then, each model generates its

predicted signal, i.e., the output of each MFRFNN. Finally, the predicted signals are summed

to reconstruct the final prediction. Fig. 3 illustrates the structure of VMD-MFRFNN. A

detailed description of VMD-MFRFNN’s phases is given below.230

Decomposition Phase: In this phase, the input signal is decomposed into K IMFs

11
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VMD

MFRFNN

Decomposition Prediction & Reconstruction

2IMF

3IMF

Input Output

1Prediction of IMF

2Prediction of IMF

3Prediction of IMF

KPrediction of IMF

1IMF

KIMFKIMF

1IMF

KIMF

MFRFNN

MFRFNN

MFRFNN

Figure 3: Structure of VMD-MFRFNN.

using VMD. Let D =
{
x[t], x[t+h]

}p

t=1
represent the input time series, where h and p de-

note the prediction horizon and number of samples, respectively. VMD decomposes x to K

IMFs by taking K as input. Obviously, these components have simpler structures, so the

decomposition phase allows the proposed method to predict simpler structures with more235

stationary trends and achieve higher accuracy. Keep in mind that each IMF represents a

different frequency component or temporal scale. This allows the VMD-MFRFNN to sep-

arate the time series into its constituent parts, making it easier to analyze and understand

the underlying patterns. By isolating different IMFs, the model can focus on specific com-

ponents more relevant to the forecasting task. Moreover, VMD is well-suited for handling240

nonlinear and non-stationary time series. It does not impose any assumptions about the

linearity or stationarity of the data, making it applicable to a wide range of time series

with complex and varying patterns. This flexibility can be valuable in prediction tasks

involving financial time series data, where nonlinearities and non-stationarities are often en-

countered. Also, each IMF obtained from the decomposition represents a distinct oscillatory245

behavior or trend within the data. These IMFs can capture different characteristics, such

as low-frequency trends or high-frequency fluctuations. By capturing these characteristics,

VMD-MFRFNN can uncover relevant information to enhance its performance. Another

advantage of using VMD in VMD-MFRFNN is its ability in noise reduction. VMD can

12
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separate noise or unwanted high-frequency components from the primary time series. This250

can increase the accuracy of the VMD-MFRFNN in prediction tasks by removing irrelevant

information. To clarify the proposed algorithm, in what follows, we denote the ith IMF by

imf i =
[
imf

[1]
i , imf

[2]
i , . . . , imf

[p]
i

]
. Fig. 4 shows an example of VMD decomposition of the

Shanghai Stock Exchange (SSE) time series. As seen, the VMD extracts IMFs in the order

from higher to lower frequencies.255

Prediction & Reconstruction Phase: Each of the IMFs in this phase is given to

a separate MFRFNN as input for training the models. In other words, K MFRFNNs

are trained in this phase. The output of each MFRFNN is a component of the predicted

signal. By summing these components, the final prediction is reconstructed. Employing the

MFRFNN models allows the proposed method to learn and memorize historical data from260

previous observations, capture the dynamic characteristics of the financial time series, and

approximate several functions simultaneously. Formally, let MFRFNNi represent the ith

MFRFNN model, and ŷi =
[
ŷ
[1]
i , ŷ

[2]
i , . . . , ŷ

[p]
i

]
denote the predicted signal by MFRFNNi.

The final prediction (ŷ) can be computed as follows:

ŷ =
K∑

i=1

[
ŷ
[1]
i , ŷ

[2]
i , . . . , ŷ

[p]
i

]
(5)

VMD-MFRFNN training algorithm is shown in Algorithm 2. Assuming that the number265

of output and state networks’ fuzzy rules are equal in all MFRFNNs, the number of VMD-

MFRFNN’s trainable parameters is (K1 +K2) × N × K, where K1 and K2 represent the

number of output and state networks’ fuzzy rules, respectively, and N is the number of

states of each MFRFNN.

5. Results and Discussion270

In this section, the prediction performance of DCT-MFRFNN and VMD-MFRFNN is

evaluated on three financial time series, including Hang Seng Index (HSI), Shanghai Stock

Exchange (SSE), and Standard & Poor’s 500 Index (SPX). All time series were collected

from Yahoo Finance. Table 1 summarizes the statistical description of these time series.

The prediction horizons were considered one, three, and five.275
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(a) SSE Time Series (b) IMF1 Component (c) IMF2 Component

(d) IMF3 Component (e) IMF4 Component (f) IMF5 Component

(g) IMF6 Component (h) IMF7 Component (i) IMF8 Component

(j) IMF9 Component

Figure 4: VMD decomposition of the Shanghai Stock Exchange time series.
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ofAlgorithm 2: VMD-MFRFNN training algorithm

Input: Input time series D =
{
x[t], x[t+h]

}p

t=1
,K

Output: Predicted signal (ŷ)

Decompose x to obtain {imf i}Ki=1

for i← 1 to K do

Train MFRFNNi using imf i as input

Predict ŷi using MFRFNNi model

end

ŷ←∑K
i=1

[
ŷ
[1]
i , ŷ

[2]
i , . . . , ŷ

[p]
i

]

Table 1: The statistical description of financial time series

Time Series HSI SSE SPX

#Samples 2261 2218 2769
Min 16250.27 1950.01 1022.58
Max 33154.12 5166.35 3756.07
Mean 23418.23 2798.88 2077.30
STD 3097.44 550.70 674.72

Two evaluation metrics were used to assess the performance of the proposed methods

and compare them with other methods. Mean Absolute Percentage Error (MAPE) and Root

Mean Square Error (RMSE). The MAPE measures how accurate the prediction method fits

the data and can be computed as follows:

MAPE =
1

p

p∑

t=1

∣∣∣∣
yt − ŷt
yt

∣∣∣∣ (6)

where yt, ŷt, and p represent target output, predicted output, and the number of samples,280

respectively. The RMSE is able to quantify the derivations between the predicted and target

values. Overall results are more important to RMSE. It effectively penalizes significant errors

and is expressed by (7):

RMSE =

√√√√1

p

p∑

t=1

(yt − ŷt)
2 (7)
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The parameters of the proposed methods were selected by a process of trial and error

using the validation set in each time series. Table 2 lists the chosen parameters for each time285

series. As mentioned, the VMD extracts IMFs in the order from higher to lower frequen-

cies. Therefore, intuitively, the number of output network’s fuzzy rules for the first several

MFRFNNs should be higher than the last several ones. We used triangular membership

functions for the proposed methods’ input layer. For the PSO algorithm, the inertia weight

was selected adaptively in the range [0.1, 1.1], and the cognitive and social acceleration290

coefficients were set to 1.49 in all experiments.

Table 2: The parameters of the proposed methods in each financial time series

Time Series HSI SSE SPX

Number of Output Network’s Fuzzy Rules
[MFRFNN1, MFRFNN2, · · · , MFRFNN9]

[6 6 6 5 5 5 4 4 4] [4 4 4 3 3 3 2 2 2] [4 4 4 3 3 3 2 2 2]

Number of State Network’s Fuzzy Rules
(State Network)

2 4 2

Number of States 2 2 2
Maximum Number of FES
(PSO Method)

600 800 600

Number of IMFs 9 9 9
λ 80 85 86

To evaluate the effectiveness of DCT-MFRFNN and VMD-MFRFNN in the time series

prediction task, we compared their results with nine other methods, including ARIMA and

generalized autoregressive conditional heteroskedastic (GARCH) as two statistical models,

feedforward neural network (FFNN) as an example of traditional machine learning models,295

Prophet [40] as an additive model, LSTM as a deep learning method, EMD-LSTM and

DCT-LSTM as two decomposition-based methods, and MEMD-LSTM [3] and MFRFNN

[19] as two state-of-the-art models proposed in 2022. In all experiments, we executed twenty

independent runs for DCT-LSTM, MFRFNN, DCT-MFRFNN, and VMD-MFRFNN and

reported the averages and standard deviations of the results over these runs.300

5.1. Hang Seng Index (HSI)

The Hang Seng Index (HSI) is a stock market index in Hong Kong. It is the primary

indicator of the performance of the Hong Kong stock market as a whole and is utilized to

16



Journal Pre-proof

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com
Jo
ur

na
l P

re
-p

ro
of

track daily changes in the top companies listed on the Hong Kong stock exchange. This

index is an example of relatively developed markets with active transactions [3]. The HSI305

data was collected from Yahoo Finance website during a nine-year period from 4-January-

2010 to 8-March-2019. The training, validation, and test set in this experiment consist of

1509, 376, and 376 samples, respectively.

Table 3 presents the one, three, and five-step-ahead prediction results of the HSI. The

results showed better performance of VMD-MFRFNN compared to other methods in one310

and three-step-ahead predictions of HSI time series, closely followed by MEMD-LSTM. In

five-step-ahead prediction based on MAPE, MEMD-LSTM outperformed other methods,

and after that, VMD-MFRFNN had the lowest MAPE. Based on RMSE, VMD-MFRFNN

had the highest accuracy in five-step-ahead prediction, closely followed by MEMD-LSTM.

Based on this metric, VMD-MFRFNN showed a decrease of 63.27%, 41.27%, and 3.25%315

from the MEMD-LSTM in one, three, and five-step-ahead forecasting tasks, respectively.

GARCH and Prophet had the lowest accuracy in all experiments based on MAPE

and RMSE, respectively. Moreover, the results illustrated in Table 3 indicate that DCT-

MFRFNN outperformed DCT-LSTM and MFRFNN in all prediction horizons. Based on

RMSE, DCT-MFRFNN showed a decrease of 1.85%, 16.64%, and 8.13% from MFRFNN in320

prediction horizons of one, three, and five, respectively. The good performance of VMD-

MFRFNN is due to its structure. A structure with a feedback loop allows this method to

memorize past observations. Moreover, employing multiple states and the VMD decompo-

sition method enables the VMD-MFRFNN to store historical information and capture the

dynamic characteristics of the time series over longer prediction horizons.325

Comparing the results obtained by LSTM with EMD-LSTM and MFRFNN with VMD-

MFRFNN revealed that decomposition approaches have a favorable effect on forecasting

results. Decomposition-based methods decompose complex time series into several IMFs

with simpler structures and more stationary trends. Reducing the complexity will make it

easier for the model to predict the time series. In addition, a two-tailed Welch’s t-test with330

a significance threshold of α = 0.05 was used to determine if the superiority of a model was

statistically significant or not. The statistical test was performed between VMD-MFRFNN

17



Journal Pre-proof

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com
Jo
ur

na
l P

re
-p

ro
of

Table 3: One, three, and five-step-ahead prediction results of the HSI

Method Step MAPE (%) p-value RMSE p-value

ARIMA 1 3.40E+00 2.72E−38 7.30E+02 8.78E−33
3 4.24E+00 3.67E−45 7.84E+02 1.72E−36
5 5.20E+00 4.59E−45 8.16E+02 2.70E−37

GARCH 1 7.63E+00 2.04E−45 3.58E+02 4.76E−25
3 7.86E+00 8.85E−51 6.01E+02 2.01E−33
5 8.23E+00 1.83E−49 9.25E+02 5.90E−39

FFNN 1 1.93E+00 5.98E−33 6.21E+02 3.67E−31
3 2.18E+00 1.77E−38 6.37E+02 4.01E−34
5 2.61E+00 1.85E−37 6.51E+02 6.71E−34

Prophet 1 5.95E+00 2.90E−43 2.18E+03 8.18E−43
3 6.09E+00 1.69E−48 2.24E+03 9.21E−47
5 6.22E+00 8.05E−47 2.31E+03 7.58E−49

LSTM 1 1.20E+00 5.49E−28 4.26E+02 4.14E−27
3 1.43E+00 1.75E−33 4.37E+02 3.72E−29
5 1.53E+00 3.12E−29 4.43E+02 1.96E−25

EMD-LSTM 1 6.21E−01 2.98E−19 3.51E+02 8.36E−25
3 7.93E−01 2.26E−23 3.66E+02 2.70E−26
5 8.44E−01 1.14E−09 3.79E+02 7.35E−19

MEMD-LSTM 1 5.12E−01 1.12E−15 3.24E+02 8.70E−24
3 5.87E−01 3.12E−11 3.32E+02 1.80E−24
5 6.27E−01 2.62E−22 3.38E+02 4.04E−07

DCT-LSTM 1
1.42E+00
(1.70E−02) 1.79E−38 6.97E+02

(7.74E+00)
5.77E−45

3
1.99E+00
(9.43E−02) 1.14E−25 7.12E+02

(2.61E+01)
2.79E−30

5
2.44E+00
(3.76E−02) 1.50E−46 8.67E+02

(9.25E+00)
5.60E−55

MFRFNN 1
8.59E−01
(1.79E−03) 4.69E−24 3.24E+02

(4.88E−01) 7.95E−24

3
1.57E+00
(9.94E−04) 8.03E−35 5.65E+02

(4.68E−01) 8.37E−33

5
2.06E+00
(1.14E−03) 2.13E−34 7.50E+02

(6.88E−01) 9.84E−37

DCT-MFRFNN 1
8.14E−01
(1.65E−03) 2.49E−23 3.18E+02

(1.79E+00)
4.65E−24

3
1.31E+00
(3.31E−02) 1.18E−38 4.71E+02

(1.26E+01)
3.80E−40

5
1.96E+00
(2.10E−02) 1.31E−54 6.89E+02

(1.00E+01)
1.44E−46

VMD-MFRFNN 1
3.16E−01
(3.65E−02) − 1.19E+02

(1.41E+01)
−

3
5.29E−01
(1.91E−02) − 1.95E+02

(8.67E+00)
−

5
8.99E−01
(2.24E−02) − 3.27E+02

(6.53E+00)
−
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and other methods. Welch’s t-test, a nonparametric two-sample statistical test, is beneficial

when the samples have unequal variances [41]. As can be seen, in all experiments, the

null hypothesis is rejected (i.e., p-value < 0.05), confirming that the results are statistically335

significant.

Fig. 5 demonstrates one-step-ahead prediction curves of VMD decomposition compo-

nents for the HSI time series generated by VMD-MFRFNN. Fig. 6 and Fig. 7 illustrate the

one-step-ahead prediction curves of IMF2 and IMF6, respectively.

As can be seen, VMD-MFRFNN predicts low-frequency IMF components with high340

accuracy and high-frequency IMF components with low accuracy because the number of

fuzzy rules is too small to model high-frequency IMF components accurately. Intuitively,

the prediction of high-frequency IMF components is a bias for VMD-MFRFNN that adjust

the final output.

Fig. 8 shows prediction curves and histograms of errors for the HSI time series produced345

by VMD-MFRFNN. The Gaussian distribution of errors indicates that VMD-MFRFNN

effectively captured the dynamic properties of the time series.

5.2. Shanghai Stock Exchange (SSE)

The Shanghai Stock Exchange (SSE) is a stock exchange headquartered in Shanghai,

China. According to market capitalization, the SSE is the third-largest stock market in the350

world and is representative of a developing market. The SSE time series data comprised

2218 samples obtained from Yahoo Finance during a nine-year period from 31-December-

2010 to 21-February-2020. The first 1478 samples were used for the training, 370 samples

for validation, and 370 samples for the test.

The prediction results of the SSE time series are given in Table 4. As can be seen, the355

results showed better performance of VMD-MFRFNN compared to other methods in one-

step-ahead prediction of SSE time series, closely followed by MEMD-LSTM. In three and

five-step-ahead predictions based on MAPE, MEMD-LSTM outperformed other methods,

and after that, VMD-MFRFNN had the lowest MAPE. Based on RMSE, VMD-MFRFNN

had the highest accuracy in all prediction horizons, closely followed by MEMD-LSTM. Based360
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on this metric, VMD-MFRFNN showed a decrease of 43.58%, 22.96%, and 8.10% from the

MEMD-LSTM in one, three, and five-step-ahead prediction tasks, respectively.

(a) HSI Time Series (b) IMF1 Component (c) IMF2 Component

(d) IMF3 Component (e) IMF4 Component (f) IMF5 Component

(g) IMF6 Component (h) IMF7 Component (i) IMF8 Component

(j) IMF9 Component

Figure 5: One-step-ahead prediction curves of VMD decomposition components for the HSI time series.
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Table 4: One, three, and five-step-ahead prediction results of the SSE

Method Step MAPE (%) p-value RMSE p-value

ARIMA 1 3.68E+00 6.49E−43 4.24E+02 8.34E−46
3 4.36E+00 1.68E−54 4.51E+02 2.44E−65
5 5.02E+00 1.31E−39 5.22E+02 1.49E−47

GARCH 1 7.47E+00 4.33E−49 4.03E+01 1.21E−23
3 7.77E+00 9.02E−60 6.31E+01 3.37E−46
5 8.18E+00 4.02E−44 9.56E+01 2.42E−31

FFNN 1 2.01E+00 2.40E−37 1.78E+02 2.69E−38
3 2.23E+00 9.36E−48 2.15E+02 8.94E−59
5 2.24E+00 3.55E−31 2.28E+02 3.86E−40

Prophet 1 6.06E+00 2.74E−47 2.04E+02 1.69E−39
3 6.27E+00 7.51E−58 2.11E+02 1.33E−58
5 6.49E+00 5.14E−42 2.17E+02 1.12E−39

LSTM 1 1.04E+00 1.40E−30 5.49E+01 4.28E−27
3 1.38E+00 5.88E−42 5.98E+01 1.58E−45
5 1.40E+00 8.08E−25 6.56E+01 1.10E−26

EMD-LSTM 1 5.79E−01 5.97E−23 4.30E+01 2.12E−24
3 6.81E−01 6.13E−27 4.64E+01 4.69E−42
5 7.24E−01 1.57E−04 4.92E+01 2.82E−22

MEMD-LSTM 1 3.81E−01 2.61E−14 2.18E+01 7.34E−15
3 4.22E−01 3.07E−26 2.70E+01 2.34E−30
5 4.92E−01 8.14E−14 2.84E+01 3.39E−05

DCT-LSTM 1
1.24E+00
(2.44E−02) 1.33E−51 5.35E+01

(9.19E−01) 2.55E−34

3
1.49E+00
(1.93E−01) 5.98E−15 5.56E+01

(6.15E+00)
4.09E−16

5
1.73E+00
(1.53E−01) 2.93E−19 6.30E+01

(5.39E+00)
5.69E−20

MFRFNN 1
8.86E−01
(7.69E−03) 3.03E−33 3.67E+01

(2.38E−01) 5.91E−23

3
1.63E+00
(6.45E−04) 7.02E−45 6.32E+01

(9.95E−02) 9.80E−65

5
2.21E+00
(6.38E−03) 5.21E−32 8.44E+01

(8.37E−02) 5.58E−30

DCT-MFRFNN 1
6.76E−01
(9.72E−03) 5.62E−31 2.98E+01

(1.00E+00)
5.14E−25

3
1.10E+00
(1.86E−02) 1.37E−34 4.23E+01

(6.64E−01) 4.34E−34

5
1.46E+00
(2.56E−02) 3.70E−35 5.53E+01

(1.13E+00)
2.98E−33

VMD-MFRFNN 1
2.77E−01
(2.30E−02) − 1.23E+01

(1.96E+00)
−

3
5.46E−01
(6.33E−03) − 2.08E+01

(1.92E−01) −

5
6.78E−01
(4.38E−02) − 2.61E+01

(1.91E+00)
−
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Figure 6: One-step-ahead prediction curve of IMF2 for the HSI time series.

Figure 7: One-step-ahead prediction curve of IMF6 for the HSI time series.

From Table 4, it is evident that decomposition-based approaches (i.e., EMD-LSTM,

MEMD-LSTM, and VMD-MFRFNN) obtained promising results compared to other

methods. GARCH and ARIMA had the worst performance based on MAPE and RMSE, re-365

spectively. DCT-MFRFNN outperformed DCT-LSTM and MFRFNN in all prediction hori-

zons. Based on RMSE, DCT-MFRFNN showed a decrease of 18.80%, 33.07%, and 34.48%

from MFRFNN in one, three, and five-step-ahead forecasting tasks, respectively. The good

performance of VMD-MFRFNN in this experiment can be explained by its potential to learn
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(a) One-step-ahead prediction (b) Three-step-ahead prediction (c) Five-step-ahead prediction

(d) Histogram of Errors (One-step-

ahead)

(e) Histogram of Errors (Three-step-

ahead)

(f) Histogram of Errors (Five-step-

ahead)

Figure 8: Prediction curves and histograms of errors for the HSI time series.

multiple functions simultaneously, along with employing a decomposition method to make370

the forecasting problem easier. Using two states allows the VMD-MFRFNN to learn and

track dynamic behaviors of the SSE dataset over time. Moreover, VMD-MFRFNN, as an

FNN, eliminates the time series noise. Note that, based on the statistical tests, the results

of this experiment are regarded as statistically significant since all the reported p-values are

less than the significance threshold (i.e., α = 0.05). Prediction curves and histograms of375

errors produced by VMD-MFRFNN for the SSE time series are shown in Fig. 9.

5.3. Standard & Poor’s 500 Index (SPX)

The Standard & Poor’s 500 Index (SPX) tracks the stock price of 500 publicly traded

domestic companies in the United States. SPX is typically recognized as one of the most

developed markets in the world due to its mature market operation system [3]. The SPX380

data was also collected from Yahoo Finance during an eleven-year period from 4-January-

2010 to 31-December-2020. From the entire time series data, 1845 samples were considered
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(a) One-step-ahead prediction (b) Three-step ahead prediction (c) Five-step-ahead prediction

(d) Histogram of Errors (One-step-

ahead)

(e) Histogram of Errors (Three-step-

ahead)

(f) Histogram of Errors (Five-step-

ahead)

Figure 9: Prediction curves and histograms of errors for the SSE time series.

as the training set, 462 samples as the validation set, and the remaining 462 samples as the

test set.

Table 5 compares VMD-MFRFNN’s performance in one, three, and five-step-ahead pre-385

dictions of SPX with other methods. As shown in Table 5, VMD-MFRFNN obtained the

smallest MAPE and RMSE in one and three-step-ahead predictions of the SPX time series.

The MEMD-LSTM was the second-best method in these experiments. In five-step-ahead

prediction based on MAPE, MEMD-LSTM outperformed other methods, and after that,

VMD-MFRFNN had the lowest MAPE. The long-term forecasting capability of MEMD-390

LSTM can be attributed to the ability to capture important features and estimate the

nonlinear dynamic function in the SPX time series.

Based on RMSE, VMD-MFRFNN had the highest accuracy in five-step-ahead prediction,

closely followed by MEMD-LSTM. Based on this metric, VMD-MFRFNN showed a decrease

of 55.56%, 42.23%, and 6.00% from the MEMD-LSTM in one, three, and five-step-ahead395

predictions of the SPX dataset, respectively. In this time series, based on RMSE, DCT-
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Table 5: One, three, and five-step-ahead prediction results of the SPX

Method Step MAPE (%) p-value RMSE p-value

ARIMA 1 3.84E+00 1.31E−42 1.28E+02 4.66E−40
3 4.43E+00 2.20E−54 1.58E+02 1.70E−49
5 5.59E+00 3.86E−44 1.68E+02 3.60E−46

GARCH 1 1.02E+01 2.83E−51 5.06E+01 2.28E−30
3 1.04E+01 5.36E−62 7.70E+01 5.32E−42
5 1.07E+01 3.67E−50 1.14E+02 9.29E−42

FFNN 1 2.21E+00 2.85E−37 1.11E+02 1.06E−38
3 2.29E+00 6.43E−48 1.54E+02 2.99E−49
5 2.84E+00 5.15E−37 1.66E+02 4.83E−46

Prophet 1 4.60E+00 2.90E−44 1.91E+02 9.68E−44
3 4.63E+00 8.57E−55 1.92E+02 2.42E−51
5 4.66E+00 2.41E−42 1.93E+02 1.29E−47

LSTM 1 1.54E+00 2.08E−33 6.77E+01 1.11E−33
3 1.61E+00 5.32E−44 7.00E+01 7.18E−41
5 1.72E+00 2.86E−30 7.47E+01 8.47E−36

EMD-LSTM 1 6.82E−01 1.69E−21 5.65E+01 1.15E−31
3 7.29E−01 3.13E−31 5.81E+01 1.67E−38
5 7.99E−01 1.34E−05 6.09E+01 5.82E−32

MEMD-LSTM 1 5.28E−01 2.04E−14 3.60E+01 7.47E−26
3 6.51E−01 5.88E−28 3.86E+01 5.18E−32
5 6.62E−01 6.84E−17 4.00E+01 2.00E−13

DCT-LSTM 1
1.53E+00
(2.61E−02) 6.76E−53 8.85E+01

(2.30E+00)
6.15E−39

3
2.10E+00
(3.63E−02) 1.18E−34 1.06E+02

(2.26E+00)
4.48E−33

5
2.72+00

(5.78E−02) 8.66E−40 1.25E+02
(2.54E+00)

2.15E−33

MFRFNN 1
9.95E−01
(6.38E−03) 9.79E−31 4.47E+01

(1.41E−01) 1.45E−29

3
1.63E+00
(1.10E−02) 2.50E−59 7.31E+01

(1.88E−01) 2.61E−54

5
2.13E+00
(1.32E−02) 5.95E−44 9.47E+01

(1.82E−01) 3.61E−45

DCT-MFRFNN 1
5.87E−01
(5.40E−03) 6.87E−19 2.84E+01

(9.02E−01) 7.15E−32

3
9.43E−01
(1.40E−02) 1.74E−39 4.30E+01

(1.02E+00)
2.91E−32

5
1.22E+00
(1.09E−02) 6.25E−28 5.57E+01

(7.90E−01) 7.67E−42

VMD-MFRFNN 1
4.18E−01
(2.40E−02) − 1.60E+01

(1.07E+00)
−

3
4.91E-01

(6.63E−03) − 2.23E+01
(4.13E−01) −

5
8.35E−01
(2.77E−02) − 3.76E+01

(5.94E−01) −
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MFRFNN showed a decrease of 36.47%, 41.18%, and 41.18% from MFRFNN in prediction

horizons of one, three, and five, respectively.

Comparing the results of VMD-MFRFNN with MFRFNN revealed that VMD-MFRFNN

had higher accuracy and standard deviation. Having a high standard deviation is a drawback400

of the proposed VMD-MFRFNN. Note that the variance of predictions increases as the

standard deviation increases. Also, it is worth mentioning that LSTM outperformed FFNN

in all experiments due to inherent problems of FFNN, such as overfitting and falling into

local minima. The Welch’s t-test performed on SPX prediction results confirmed that the

results are statistically significant. Fig. 10 shows prediction curves and histograms of errors405

produced by VMD-MFRFNN for the SPX dataset.

(a) One-step-ahead prediction (b) Three-step-ahead prediction (c) Five-step-ahead prediction

(d) Histogram of Errors (One-step-

ahead)

(e) Histogram of Errors (Three-step-

ahead)

(f) Histogram of Errors (Five-step-

ahead)

Figure 10: Prediction curves and histograms of errors for the SPX time series.

5.4. Comparing Different Decomposition Methods

This section compares various decomposition methods to strengthen this research fur-

ther. We used different decomposition approaches in the decomposition phase of the pro-

posed method, including VMD [16], EMD [14], EEMD [24], and Robust Empirical Mode410
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Decomposition (REMD) [42]. REMD is an enhanced EMD that employs an adaptive sifting

stop criterion to automatically terminate EMD’s sifting process.

We set the prediction horizon equal to 5 in all experiments. Results of comparing de-

composition methods are presented in Table 6. As seen in Table 6, the VMD method

outperformed other methods in all financial time series, closely followed by EEMD. Based415

on the statistical tests, all the results are statistically significant. So, obviously, using VMD

as a decomposition method in the structure of the proposed method is a good choice. Com-

paring the prediction results of EMD and EEMD demonstrated that EEMD achieved higher

accuracy in all experiments. The good performance of EEMD can be attributed to the

elimination of the mode mixing problem by this method.420

Table 6: Comparison of different decomposition methods

Decomposition Method VMD EMD REMD EEMD

HSI

MAPE
8.99E−01
(2.24E−02)

1.08E+00
(2.58E−02)

1.08E+00
(2.55E−02)

9.81E−01
(1.33E−01)

p-value − 4.57E−24 3.25E−24 1.32E−02
RMSE

3.27E+02
(6.53E+00)

4.03E+02
(7.51E+00)

4.32E+02
(9.50E+00)

3.53E+02
(4.20E+01)

p-value − 9.80E−30 3.10E−30 1.28E−02

SSE

MAPE
6.78E−01
(4.38E−02)

1.19E+00
(2.59E−02)

1.22E+00
(1.70E−02)

9.28E−01
(1.51E−02)

p-value − 1.08E−29 1.37E−26 4.58E−18
RMSE

2.61E+01
(1.91E+00)

4.53E+01
(9.17E−01)

4.87E+01
(6.55E−01)

3.65E+01
(5.11E−01)

p-value − 6.11E−26 2.59E−25 6.18E−17

SPX

MAPE
8.35E−01
(2.77E−02)

1.31E+00
(5.96E−02)

1.56E+00
(7.25E−02)

9.81E−01
(5.50E−02)

p-value − 5.00E−23 3.06E−24 2.54E−11
RMSE

3.76E+01
(5.94E−01)

6.13E+01
(2.60E+00)

8.09E+01
(5.28E+00)

4.60E+01
(2.85E+00)

p-value − 3.12E−21 2.15E−19 2.39E−11

5.5. Comparing Different Metaheuristic Methods

As we discussed earlier, VMD-MFRFNN uses the PSO method to learn the weights of the

state network. To evaluate the merits of the PSO algorithm, we compared its performance

in training VMD-MFRFNN with various metaheuristic approaches. These approaches in-

clude Artificial Bee Colony (ABC) [43], Ant Colony Optimization for Continuous Domains425
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(ACOR) [44], Bees Algorithm (BA) [45], Biogeography-based Optimization (BBO) [46], Co-

variance Matrix Adaptation Evolution Strategy (CMA-ES) [47], Differential Evolution (DE)

[48], Firefly Algorithm (FA) [49], Genetic Algorithm (GA) [50], Harmony Search (HS) [51],

Imperialist Competitive Algorithm (ICA) [52], Invasive Weed Optimization (IWO) [53], and

Teaching-Learning-based Optimization (TLBO) [54]. Five-step-ahead prediction of the SPX430

time series was used as the benchmark. In all experiments, we executed twenty independent

runs and reported the averages and standard deviations of the results over these runs. The

parameters of VMD-MFRFNN were the same as those listed in Table 2.

The prediction results of different metaheuristic methods are given in Table 7. As shown

in Table 7, PSO outperformed other methods in training VMD-MFRFNN, closely followed by435

ACOR and TLBO based on MAPE and RMSE, respectively. HS had the worst performance

on both metrics. Moreover, the null hypothesis is rejected in all experiments, confirming

that the results are statistically significant. Fig. 11 illustrates the box plots of RMSE values

for different metaheuristic methods. The PSO obtained the lowest variance of predictions

with a minimum RMSE value equal to 36.57 and a maximum RMSE value equal to 38.31,440

making it the most robust training algorithm for VMD-MFRFNN. After PSO, GA had the

lowest variance, but its average RMSE was equal to 39.34, which is not promising. BA

had the highest variance of predictions with a minimum RMSE value equal to 36.86 and a

maximum RMSE value equal to 51.19. The good performance of PSO can be attributed

to its global search capability and ability to avoid being trapped in local optima. PSO can445

quickly converge to a global optimum, even when the search space is large and complex.

Furthermore, PSO is developed to avoid local optima by combining random exploration and

social learning.

5.6. Comparing Different Training Methods

In this section, we employed the Gradient Descent (GD) method instead of PSO to450

train the state network weights and compared its performance with the PSO method. The

prediction horizon was considered 5 in all experiments. For GD, we set the maximum number

of iterations and learning rate to 100 and 0.01, respectively. The results of comparing
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Method MAPE(%) p-value RMSE p-value

ABC
9.26E−01
(8.02E−02) 7.36E−05 4.05E+01

(2.37E+00)
2.75E−05

ACOR
8.87E−01
(5.40E−02) 6.48E−04 3.93E+01

(1.77E+00)
4.63E−04

BA
9.70E−01
(1.05E−01) 1.46E−05 4.26E+01

(3.54E+00)
4.32E−06

BBO
9.44E−01
(9.30E−02) 4.77E−05 4.10E+01

(2.67E+00)
1.66E−05

CMA-ES
9.09E−01
(5.99E−02) 2.99E−05 4.01E+01

(1.70E+00)
2.21E−06

DE
9.09E−01
(5.88E−02) 2.37E−05 3.93E+01

(1.51E+00)
8.62E−05

FA
8.95E−01
(5.57E−02) 1.82E−04 3.94E+01

(1.71E+00)
1.77E−04

GA
8.91E−01
(4.18E−02) 1.88E−05 3.93E+01

(9.16E−01) 6.25E−08

HS
9.75E−01
(8.10E−02) 1.74E−07 4.30E+01

(2.93E+00)
8.22E−08

ICA
9.25E−01
(6.42E−02) 4.73E−06 4.06E+01

(2.35E+00)
1.60E−05

IWO
9.52E−01
(8.83E−02) 9.80E−06 4.21E+01

(3.30E+00)
6.88E−06

TLBO
8.92E−01
(3.86E−02) 5.54E−06 3.91E+01

(1.22E+00)
3.37E−05

PSO
8.35E−01
(2.77E−02) − 3.76E+01

(5.94E−01) −

Figure 11: Box plots of RMSE values for different metaheuristic methods (Five-step-ahead prediction of
SPX time series).

29



Journal Pre-proof

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com
Jo
ur

na
l P

re
-p

ro
of

PSO and GD are presented in Table 8. As seen in Table 8, PSO outperformed GD in all

benchmarks. Note that, based on the statistical tests, the results are regarded as statistically455

significant since all the reported p-values are less than 0.05. Fig. 12 shows the box plots of

RMSE values for PSO and GD. As shown in Fig. 12, the PSO obtained a lower prediction

variance compared to GD in all time series. According to the results, it can be concluded

that PSO is more robust than GD for training VMD-MFRFNN. The GD can get stuck in

local optima if the objective function has multiple local optima, while PSO is developed to460

avoid local optima. In PSO, particles update their position and velocities based on their

own personal best and the global best, allowing them to explore different areas of the search

space and avoid getting stuck in local optima.

Table 8: Five-step-ahead prediction comparison of PSO and Gradient Descent

Method PSO Gradient Descent

HSI

MAPE
8.99E−01
(2.24E−02)

1.41E+00
(9.09E−02)

p-value − 4.67E−17
RMSE

3.27E+02
(6.53E+00)

5.19E+02
(3.62E+01)

p-value − 4.17E−16

SSE

MAPE
6.78E−01
(4.38E−02)

1.36E+00
(3.13E−01)

p-value − 6.48E−09
RMSE

2.61E+01
(1.91E+00)

5.23E+01
(1.74E+01)

p-value − 1.88E−06

SPX

MAPE
8.35E−01
(2.77E−02)

1.51E+00
(1.75E−01)

p-value − 2.35E−13
RMSE

3.76E+01
(5.94E−01)

6.60E+01
(4.15E+00)

p-value − 4.79E−18

5.7. Sensitivity Analysis

This section provides sensitivity analyses on the proposed methods to evaluate the sensi-465

tivity of VMD-MFRRFNN and DCT-MFRFNN to the number of IMFs and λ, respectively.

Five and three-step-ahead prediction of the SSE time series were used as the benchmark
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(a) HSI Time Series (b) SSE Time Series (c) SPX Time Series

Figure 12: Box plots of RMSE values for different training methods (Five-step-ahead forecasting task).

for VMD-MFRFNN and DCT-MFRFNN, respectively. The number of IMFs ranged from

2 to 60, and λ ranged from 0 to 99. Other parameters were the same as those provided in

Table 2.470

The relationship between RMSE and the number of IMFs is shown in Fig. 13. The results

indicated that when the number of IMFs increased from 2 to 30, the RMSE was significantly

reduced. Increasing the number of IMFs means predicting time series with simpler structures

and more stationary trends, which is easier for the model. However, increasing the number

of IMFs from 30 to 60 did not have much impact on RMSE. Note that increasing IMFs475

also increases the computational complexity of the model. The relationship between RMSE

and λ is illustrated in Fig. 14. Results indicated that when λ increased from 50 to 85, the

RMSE was reduced. Increasing λmeans reducing fluctuations and simplifying the time series

structure, which leads to more accurate predictions. On the other hand, increasing λ from

90 to 99 increases the RMSE. When λ increases too much, a lot of meaningful information480

is discarded from the time series, and as a result, the predictions differ significantly from

actual values. Fig. 15 shows reconstructed signals of the SSE time series for different λ

values.
6. Conclusion

This study proposed two novel methods for multi-step-ahead stock price prediction.485

DCT-MFRFNN, a method based on DCT and MFRFNN, employed DCT to eliminate
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Figure 13: Relationship between RMSE and the number of IMFs in the five-step-ahead prediction of the
SSE.

Figure 14: Relationship between RMSE and λ in the three-step-ahead prediction of the SSE.

(a) λ = 0 (b) λ = 85 (c) λ = 95

Figure 15: Reconstructed signals of the SSE time series for different λ values.

high frequencies, reduce fluctuations in the time series, and simplify its structure. It used

MFRFNN to predict financial time series. VMD-MFRFNN, an approach based on VMD
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and MFRFNN, combined the benefits of VMD and MFRFNN. VMD-MFRFNN consisted of

two phases: a) decomposition phase and b) prediction and reconstruction phase. The input490

time series was decomposed to several IMFs using VMD in the decomposition phase. Since

these components had simpler structures and more stationary trends, their prediction was

easier, and the expected accuracy was higher. In the prediction and reconstruction phase,

each of IMFs was given to a separate MFRFNN model for prediction, and the predicted

signals were summed to reconstruct the final output. Using the MFRFNN models enabled495

VMD-MFRFNN to learn and memorize historical data from previous samples, capture the

dynamic characteristics of the financial time series, and approximate several functions si-

multaneously.

The prediction performance of DCT-MFRFNN and VMD-MFRFNN was evaluated using

three financial time series, including HSI, SSE, and SPX. The experimental results indicated500

that VMD-MFRFNN surpassed other state-of-the-art models and showed promising perfor-

mance in multi-step-ahead prediction tasks. In more detail, based on RMSE, for the HSI time

series, VMD-MFRFNN showed a decrease of 63.27%, 41.27%, and 3.25% from the MEMD-

LSTM in one, three, and five-step-ahead predictions, respectively. For the SSE time series,

it demonstrated an RMSE decrease of 43.58%, 22.96%, and 8.10% from the MEMD-LSTM505

in prediction horizons of one, three, and five, respectively. For the SPX time series, VMD-

MFRFNN showed a decrease of 55.56%, 42.23%, and 6.00% from the MEMD-LSTM in one,

three, and five-step-ahead predictions, respectively, in terms of RMSE. Furthermore, DCT-

MFRFNN outperformed DCT-LSTM and MFRFNN in all experiments. DCT-MFRFNN,

on average, showed 8.87%, 28.78%, and 39.61% decreases in RMSE from MFRFNN for HSI,510

SSE, and SPX, respectively. The effectiveness of particle swarm optimization (PSO) in train-

ing VMD-MFRFNN was assessed by comparing its performance with the gradient descent

method and twelve different metaheuristic algorithms. The results highlighted the merits of

PSO in training VMD-MFRFNN. The proposed methods in this study are definitely worth

investigating further. One interesting area of future research is to apply DCT-MFRFNN515

and VMD-MFRFNN in other fields, such as meteorology and biomedical engineering.
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7. Code Availability

The implementation of the proposed method and datasets needed to reproduce the results

are provided on GitHub1.
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[45] D. Pham, A. Ghanbarzadeh, E. Koç, S. Otri, S. Rahim, M. Zaidi, The Bees Algorithm — A Novel Tool645

for Complex Optimisation Problems, in: Intelligent Production Machines and Systems, Elsevier, 2006,

pp. 454–459. doi:10.1016/B978-008045157-2/50081-X.

[46] D. Simon, Biogeography-Based Optimization, IEEE Transactions on Evolutionary Computation 12 (6)

(2008) 702–713. doi:10.1109/TEVC.2008.919004.

37



Journal Pre-proof

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com
Jo
ur

na
l P

re
-p

ro
of

[47] N. Hansen, S. D. Müller, P. Koumoutsakos, Reducing the Time Complexity of the Derandomized650

Evolution Strategy with Covariance Matrix Adaptation (CMA-ES), Evolutionary Computation 11 (1)

(2003) 1–18. doi:10.1162/106365603321828970.

[48] R. Storn, K. Price, Differential Evolution–A Simple and Efficient Heuristic for global Optimization

over Continuous Spaces, Journal of Global Optimization 11 (4) (1997) 341–359. doi:10.1023/A:

1008202821328.655

[49] X.-S. Yang, Nature-inspired metaheuristic algorithms, 2nd Edition, Luniver Press, 2010.

[50] J. H. Holland, Genetic algorithms, Scientific american 267 (1) (1992) 66–73. doi:10.1038/

scientificamerican0792-66.

[51] Z. W. Geem, J. H. Kim, G. V. Loganathan, A New Heuristic Optimization Algorithm: Harmony Search,

Simulation 76 (2) (2001) 60–68. doi:10.1177/003754970107600201.660

[52] E. Atashpaz-Gargari, C. Lucas, Imperialist competitive algorithm: An algorithm for optimization

inspired by imperialistic competition, in: 2007 IEEE Congress on Evolutionary Computation, IEEE,

2007, pp. 4661–4667. doi:10.1109/CEC.2007.4425083.

[53] A. R. Mehrabian, C. Lucas, A novel numerical optimization algorithm inspired from weed colonization,

Ecological Informatics 1 (4) (2006) 355–366. doi:10.1016/j.ecoinf.2006.07.003.665

[54] R. Rao, V. Savsani, D. Vakharia, Teaching–learning-based optimization: A novel method for con-

strained mechanical design optimization problems, Computer-Aided Design 43 (3) (2011) 303–315.

doi:10.1016/j.cad.2010.12.015.

38



Journal Pre-proof

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com
Jo
ur

na
l P

re
-p

ro
ofHighlights

 Two novel  financial  time  series  prediction  methods,  i.e.,  DCT-MFRFNN and VMD-

MFRFNN, are proposed.

 New training algorithms for DCT-MFRFNN and VMD-MFRFNN are developed.

 For the first time, the gradient descent method is used to train MFRFNN.

 The prediction performance of DCT-MFRFNN and VMD-MFRFNN is evaluated using

three financial time series, including Hang Seng Index, Shanghai Stock Exchange, and

Standard & Poor's 500 Index.

 Experimental  results  indicate  that  VMD-MFRFNN  surpasses  other  state-of-the-art

methods.  Also,  DCT-MFRFNN  outperforms  DCT-LSTM  and  MFRFNN  in  all

experiments.

 The effectiveness of particle swarm optimization (PSO) in training VMD-MFRFNN is

assessed by comparing its performance with twelve different metaheuristic algorithms.

The results demonstrate the merits of PSO in training VMD-MFRFNN.
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